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The conditions for a scaling behaviour from the fragmentation process leading to slow protons are discussed. The scaling re- 
ferred to implies that the fragmentation functions depend on the light-cone momentum fraction only. It is shown that differences 
in the fragmentation functions for valence- and sea-quark knock out give rise to scaling violations. It is proposed that these scaling 
violations are measured experimentally to put constraints on the four-quark fragmentation functions. Estimates suggest that with 
reasonable assumptions for the fragmentation functions large effects are to be expected. 
1. Introduction 
In deep inelastic scattering processes on a free pro- 
ton, generally an intermediate state is produced which 
decays into a multitude of hadrons. This process is 
called fragmentation rhadronization. In describing 
this process we will assume that all energy and mo- 
mentum involved are transferred to a single quark. 
To consider a definite case we will use here the ex- 
ample of neutrino scattering on a proton. In this case 
the hit quark can be either a d-quark (valence or sea) 
or a 0-quark from the sea. The angle integrated cross- 
section can be written as 
da'~(x) 
dx 
G2MpE [xd,,(x) +xds(x) + ]xas(x) ] ( 1 ) 
It 
where d,,(x) (ddx))  is the valence- (sea-) quark 
momentum distribution in the proton and as(x) that 
of the antiquarks. With the knock out of the valence 
quark a diquark system with flavor content uu re- 
mains. For sea-quark knock out the spectator is a four- 
quark uudd or uuud system (see fig. 1 ). Slow protons 
in the laboratory system, where the target proton is 
at rest, can originate only from the fragmentation f
the spectator system. 
Field and Feynman [1 ] were the first to give a de- 
scription of the fragmentation process based on scai- 
ing arguments in the extreme patton picture, in which 
the hit quark and the spectator multiquark system are 
treated independently. Scaling implies here that for 
hadrons produced with a momentum close to that of 
one of the partons, the number depends only on a 
single parameter, z the light-cone momentum frac- 
tion of the hadron with respect o that of the quark 
system. To describe the observed hadrons one im- 
plicitly assumes a factorization of the cross-section 
into a dynamic part and a fragmentation part and 
fragmentation functions D(z) are introduced. Thus 
scaling laws for cross-section ratios for hadron pro- 
duction (see for example ref. [2] ) are obtained. The 
data for the production of energetic hadrons eem to 
confirm these scaling relations [2,3 ]. 
For our purposes the production of low energy 
hadrons is of interest, for which the basic caveat of 
the extreme parton model, the fact that energy con- 
servation isviolated, becomes an important obstacle. 
In order to obey energy and momentum conserva- 
tion the intermediate state is most easily described in 
terms of a string model [4-6]. In most recent appli- 
cations of string models [ 7-9 ] one typically consid- 
ers the quarks to be massless and situated at the end 
of a glue-string. This string can be seen as a conve- 
nient parameterization f the strong, non-perturba- 
tive color field. The hit quark and the spectator multi- 
quark system are not treated as separate systems but 
rather as one, connected by a string which has a cer- 
tain breaking probability. In general the energy of the 
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Fig. 1. The three basic processes that give rise to fragmentation i  a proton in neutrino scattering. The exchanged virtual boson is denoted 
by a dashed line. 
produced hadrons does not only depend on the light- 
cone momentum fraction but also on the properties 
of the string, in particular, its invariant mass. One 
therefore loses the concept of factorization of the 
cross-section into a dynamic and a fragmentation 
part, and thus in general one does not have exact scal- 
ing. For the fragmentation ofa pure one- or two-quark 
state, the factorization assumption of Field and 
Feynman [ 1 ] appears to be valid only near the ex- 
tremes of  phase space, i.c. where the hadron has a 
momentum close to that of the fragmenting quark 
state. For z close to unity one can therefore still intro- 
duce fragmentation functions D(z) depending on the 
flavor content of the quark system. The kinematic 
variable - is the light-cone momentum fraction 
(LCMF)  of the slow proton and is equal to the ratio 
of the light-cone momentum of the proton, 
P~ =E-p.~ to that of the string, P~- =Mp+ v-q, 
z= (2) 
Mp + u -q  
The 3-axis is chosen along the direction of the mo- 
mentum transfer q, Mp is the proton mass and all 
quantities are measured in the laboratory system. The 
light-cone momentum of the spectator system equals 
P~-, and is thcreforc the relevant quantity for the 
fragmentation process leading to a slow particle. 
When one considers the production process of fast 
hadrons in the laboratory system, one deals with the 
fragmentation process related to the hit quark or anti- 
quark. For this process, even when energy and mo- 
mentum conservation is included, in most models 
presently available one basically assumes a factori- 
zation of the cross-section and thus obtains a scaling 
behavior for an appropriately chosen ratio. As re- 
marked, this agrees with the existing data. The main 
point of the present letter is that this simple full fac- 
torization picture generally is no longer valid when 
one considers hadrons that are slow in the laboratory 
system, i.e. considers those which originated from hc 
spectator system. Depending on whether a quark or 
an antiquark is knocked out this spectator can be a 
two- or a four-quark system. When these hadronize 
in an identical manner an appropriately chosen ratio 
of cross-sections is expected to show a scaling behav- 
ior (discussed in section 2). Differences in the frag- 
mentation function for the two- and four-quark sys- 
tem reflects itself immcdiately in a deviation from 
scaling. In section 3 it is shown that thc cffcct is size- 
able for reasonable assumptions for the fragmenta- 
tion functions. Measuring these scaling violations thus 
will put sensitive constraints on the (up to now very 
36 
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elusive) four-quark fragmentation function. 
I I I I I I 
2. Scaling 
In principle the fragmentation functions for the 
spectator diquark, triquark-antiquark and the tetra- 
quark systems can differ from each other. In the last 
part of this letter we will investigate this but tempo- 
rarily we will assume that they are equal. One can ar- 
gue that from both the di- and the tetraquark system 
a B= 1 object can be formed with the flavor content 
of the proton through a qq pair production in the 
strong gluon field between the spectator and the hit 
(anti)quark. For the uu system add pair creation is 
necessary with the d joining the 2q system. In the case 
of the 4q system a uf~ pair should be created with the 
ta joining the 4q system. Since, to a good approxima- 
tion, the u and the d quark have the same mass the 
two processes will occur with the same probability and 
thus have the same fragmentation functions, 
P 7 D],,(z) = D~,da (z) = Duu,d(- )= DP(z) (3) 
As discussed in the introduction, for each system as 
diagrammed in fig. 1 the corresponding contribution 
to the cross-section approximately factorizes into one 
term depending on the quark momentum distribu- 
tion in the target nucleus and a fragmentation func- 
tion. Using eqs. ( 1 ) and (3) the relative cross sec- 
tion for slow protons with a LCMF z can be written 
as 
dJyP d2aVp / daVY 
dz - ~cd_.-/-~v-v =DP(z). (4 )  
It is important to notice that only due to assumption 
of equal fragmentation functions for the two- and 
four-quark systems the full semi-inclusive cross-sec- 
tion factorizes. Because of this factorization, the RHS 
ofeq. (4) is independent of Bjorken x and the mo- 
mentum transfer Q2 and depends only on the single 
scaling variable z. When plotting d2"p/dz versus z all 
points should thus fall on a single curve, the fragmen- 
tation function. 
In fig. 2 some current fragmentation functions have 
been plotted. For the Lund[ 7 ] model only the lead- 
ing order expression [9] is used. The results for the 
Artru-Mennessier [4] fragmentation description 
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Fig. 2. The fragmentation function D~,(z) calculated indifferent 
models; B: ref. [11], L: ref. [71, C: ref. [10]. The points with 
error bars are from a calculation using the code VENUS [9], 
which uses the Artru-Mennessier fragmentation description [4 ]. 
In this calculation resonance decay has not been included. 
VENUS [9]. In this calculation only d-uu strings 
with an invariant mass of 6 GeV were considered. 
These are compared with a linear dependence as is 
suggested from QCD counting rules [ 10] and a more 
refined result using the approach of Field and 
Feynman [1 ] due to Bartl [ 11 ]. For the interval con- 
sidered, 0 .5<z< 1.0, the differences are only mar- 
ginal. It should be noted that even though d2"V/dz is 
called a probability distribution it is not normalized 
to unity, but rather to the average total number of 
protons that can be produced in the reaction. Fur- 
thermore, z= 1 is an absolute, model independent, 
kinematic limit. For a free proton at rest it can be 
shown, using energy and momentum conservation, 
that only z< I is kinematically allowed. 
In eq. (2) z is expressed in terms of the longitudi- 
nal momentum P3 of the observed proton along the 
direction of q. Similarly the probability distribution 
given in eq. (4) can be rewritten as 
d2 ~° ( Mp + v - q ) Ep d2 ~p , d2 "p 
dz Ep --P3 dp3 (dp3) /Ep  " 
(5) 
In this expression the transverse momentum com- 
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ponent of the proton only enters in the energy l:'p. 
3. Breaking of scaling 
As mentioned, in principle the di- and tetraquark 
fragmentation functions are different. Assuming the 
same fragmentation functions for the two tetraquark 
systems the probability for a slow proton can be writ- 
ten as 
d)'"P d"(x)DPu"(Z)+~w(x)DPq(z) (6) 
dz - d,.(x) + ~w(.v) 
where w(x) is the sea quark distribution. This 
expression can be simplified further using the count- 
ing rule estimates [ 10 ] 
D~,(z)=A(I-z), 
- -  P O~q(z)=DP~udd(Z)--Douud(z)=B(l--z) . (7) 
The two parameters A and B can in principle be fixed 
by normalization conditions [ 11 ] which also involve 
the fragmentation functions for meson production 
which are not considered here. Substituting eq. (7) 
in eq. (6) one obtains 
d2VPdz ( (B-A)'~w(x)'~, = A+ (8 )  
which, contrary to eq. (4), has an explicit ,~-depen- 
dence (ifA :~ 11). Since meson production of fa four- 
quark jet is expected on the basis of counting rule es- 
timates [ 10] to be suppressed compared to that of a 
diquark jet, we will assume A=0.5 and B= 1.0. This 
choice of parameters only serves to show qualita- 
tively what effect can be expected but it is clear that 
the simple scaling feature is lost; the probability dis- 
tribution is x-dependent as shown in fig. 3. For large 
x (x>0.5)  the influence of the sea quarks is ncgligi- 
blc and one should observe scaling: in this regime the 
calculated curve is independent of  the form of the 
four-quark fragmentation function. Decreasing the 
difference between A and B will lessen the effect. As 
discussed in the next paragraph, in principle evcn the 
functional dependence on z can be different for four- 
quark fragmentation. 
,As can be seen from fig. 3 the different descriptions 
of the four-quark fragmentation function give rise to 
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Fig. 3. Magnitudes for scaling violations for two different four- 
quark fragmentation functions. If the four-quark fragmentation 
function is chosen equal to that of the two-quark system, the pre- 
diction for all Bjorken x values would coincide with the line 
marked x> 0.6. The quark distribution functions have been ob- 
tained from a parametrization byEichten et al. [ 12]. 
x. One can distinguish not only a simple scale factor 
between the two- and four-quark fragmentation func- 
tion but also a different functional dependence. For 
instance, fig. 3 also shows the curves obtained from a 
different fragmentation function. 
D~q(z)= ~z( I - z )  , (9) 
which mimics the fact that in some model descrip- 
tions a four-quark cluster preferentially hadronizes 
near z= 1. To distinguish the different models one 
needs data for the cross-section of proton production 
which are binned both in x and in z. 
For completeness we will mention some other 
sources for scaling violations. One is the protons 
coming from the decay of baryonic resonances of 
which the delta is the most prominent. Since the frag- 
mentation mechanism for forming a delta from a di- 
quark is similar to that for forming a nucleon, this 
effect can be estimated easily and gives deviations 
from scaling of lcss than a few percent. Another pos- 
sible source of scaling violations might be that a low 
38 
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momentum transfer the invariant mass of the initial 
string may be small enough that discrete structures in
the final state play an important role, i.e. a break- 
down of the factorization assumption. We estimate 
that for invariant string masses exceeding 3 GeV these 
effects will be of only marginal importance for direct 
proton production. Since many of the observed pro- 
tons are due to decay of unstable resonances (the 
production of which saturates at higher string masses) 
an invariant mass exceeding 5 GeV is to be preferred. 
4. Concluding remarks 
In the present letter we have discussed the neces- 
sary conditions for scaling to occur in the fragmen- 
tation process leading to slow protons in the labora- 
tory system. The essential difference between the 
presently discussed process and the fragmentation 
process in which fast hadrons are produced [3,2], is 
that for slow protons there is a competition between 
different mechanisms. We showed that this competi- 
lion can give rise to deviations from the simple scal- 
ing and is related to differences in the fragmentation 
function for diquark and tetraquark jets. By using the 
concept of a string model the primary effects of en- 
ergy and momentum conservation (important for 
Q-~ < I 0 GeV 2 ) have been included by an appropriate 
definition of the scaling variable -. It should be noted 
that this variable, defined in eq. (2), deviates from 
the definition of - one usually encounters in the 
literature. 
To test the occurrence of scaling in fragmentation, 
data binned both in x and in the longitudinal proton 
momentum arc necessary. In ref. [ 13 ] the number of 
slow protons in two momentum bins, 150 <p< 350 
MeV/c and 350<p<600 MeV/c have been mea- 
sured as a function ofx  in a neutrino scattering ex- 
periment. Using eq. (2) with P;- =Mo( 1 -x ) ,  which 
is correct in the limit of large Q2, these data have been 
replotted in fig. 4. Possible transverse momenta have 
been ignored in this analysis. The error bars in z 
quoted in the figure correspond to the integration i - 
terval used in ref. [ 13]. Since no absolute cross-sec- 
tions are given in ref. [ 13 ], we have arbitrarily nor- 
malized the data for the low-momentum bin to fall 
on the same line as those of the high bin. Please note 
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Fig. 4. The fragmentation function as extracted from the data of 
ref. [13]. The open (solid) points are for the low (high) mo- 
mentum bin (see text). The circles are for measurements at 
x=0.05, the upward triangles for x=0.15, the squares are for 
x=0.25, and the downward triangle is for x=0.35. The relative 
normalization between the high and low momentum bin data has 
been chosen arbitrarily. 
example) there would be definite evidence for a dif- 
ference between the fragmentation functions. A pre- 
cise knowledge of the relative normalization for the 
two momentum bins is thus crucial. Within error bars 
the data seem consistent with the fragmentation 
functions hown in fig. 2. 
For simplicity we have limited ourselves to neu- 
trino scattering, but the argument can easily be ex- 
tended to include deep inelastic electron or muon 
scattering. The advantage of these probes is that pre- 
cision experiments are feasible. A possible compli- 
cation is that a strange quark from the sea also can be 
knockcd out. The fragmentation functions for the re- 
sulting strange spectator system cannot be assumed 
to be equal to those of a non-strange spectator. How- 
cvcr in general these do not give rise to slow protons. 
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